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SUMMARY 

The radiation-pattern integral is approximated by Kelvin's method of 
stationary-phase and the solution is employed to synthesize a cosecant radia- 
tion pattern from a constant-amplitude distribution. The method of synthesis 
is applied to the problem of null-filling the vertical radiation patterns of 
practical ultra-high-frequency transmitting aerials and the results are briefly 
compared with those obtainable by other methods. 



PRINCIPAL SYMBOLS 

A{x) amplitude distribution 

d source separation (wavelengths) 
E amplitude of main beam of radiation pattern 
I{x) current distribution along linear source 
(= A(x)exp{j^ix)}) 
k amplitude of radiation pattern (defined in 

Equation (2)) 
m null-filling index , 

Wq effective null-filling index of the q 
minimum (= TrqP ) 
M point along source at which Aix) changes 

amplitude 
N length of radiating aperture (wavelengths) 
p(sin 6) radiation pattern function 



P amplitude of radiation pattern at the q 
minimum 
q number of minimum in v.r.p. 
r number of source in array 
s parameter (defined in Equation (8)) 
X distance along linear source (wavelengths) 
a value of x at point of "stationary-phase" 
angle below horizontal 

9q beam-tilt angle 
((9^, 62) angular range of synthesis 
k wavelength 
<p{x) phase distribution 

4f phase distribution of isotropic sources 

$r phase disyibution of panels 
i/j variable of integration (= x — a) 



1. INTRODUCTION 

An ideal broadcast service provides uniform 
average field strength at all distances up to the 
limit of the service area. At ultra-high-frequencies 
(u.h.f.) a reasonable approximation to this ideal can 
be achieved by making the vertical radiation pattern 
(v.r.p.) of the transmitting aerial proportional to 
cosec6' where 6 is the declination angle from the 
horizontal. In practice the main beam of the v.r.p. 
is tilted downwards by a small angle 6'o, corres- 
ponding to the limit of the service area or horizon 
(whichever is nearer), in order to reduce the power 
wasted by radiation in unwanted directions. A 
typical specification for the radiation pattern 
\pi6) I is written as, 



\p{e)\ ^i!!_cosec(9-5o) 

ttN 



(1) 



where E is the amplitude of the main beam, N the 
length of the radiating aperture in wavelengths (A), 
and m the so-called null-filling index*. 

The significance of the index m is best under- 
stood by recalling that the radiation pattern of a 
uniformly illuminated aperture, sin (A'7Tsin6')/7rsin6', 

* lOOm is often referred to as the 'percentage null- 
filling'. 



has a side-lobe envelope given by (I/tt) cosec^; 
the envelope corresponds to a null-filling index 
m = 1*0. This is illustrated in Fig. 1 which shows 
idealised beam-tilted v.r.p. s with null-filling below 
the horizontal corresponding to m = 0'50 (50%) and 
m = I'O (100%); the dotted curve is the v.r.p. of 
the equivalent uniformly fed array. In practice, the 
v.r.p. should satisfy Equation (1) over the angular 
range 6 - 6q- sin'^l//V (the first null-point) up to 
typically 8'^ti/(). 




9, degrees 

Fig. 1 - Idealised null-filled vertical radiation 
patterns for an N\ array with beam-tilt 6q 



From a practical standpoint the simplest 
method of approximating to such a radiation pattern 
is to use an arrangement of sources in which equally 
spaced tiers carry currents of equal amplitude and 
specified phase. Such an arrangement can be 
realized quite simply by energizing the aerial ele- 
ments through branch-feeders whose lengths corres- 
pond to the prescribed phase distribution. 



Some methods for deriving the required phase 
distributions with such an arrangement have been 
given in a previous report but the particular solu- 
tions obtained suffer the disadvantage that the 
null-filling index m cannot normally exceed about 
50%. In the method to be described, patterns can 
be synthesized in which the effective null-filling 
range is extended to about 100%. 

The radiation pattern from an aperture can be 
represented by an integral function of the fields 
existing in the plane of the aperture; this radiation- 
pattern integral is usually expressed as a Fourier 
transform of the aperture distribution. In synthesis, 
the problem is to determine the distribution that 
gives a specified pattern and this requires the 
solution of an integral equation. Fourier inversion 
of the radiation-pattern integral cannot be employed 
in general because the phase of the pattern is 
arbitrary; also there may be difficulty in restricting 
the distribution to the dimensions of the aperture. 
The new null-filling method is based on a "station- 
ary-phase" approximation^ of the radiation-pattern 
integral and it therefore gives a solution which is 
consistent with the laws of geometrical-optics. It 
follows that the new method is restricted to aerials 
whose radiating lengths are large compared with the 
wavelength. The attraction of the stationary-phase 
solution from a synthesis standpoint is that it gives 
expressions for amplitude and phase distributions 
in terms of the power pattern, thus obviating the 
need to specify the phase of the far-field radiation 
pattern; moreover, restricting the distribution to the 
aperture presents no analytical difficulty. 

The application of the stationary-phase method 
to radiation pattern synthesis was first pointed out 
by Dunbar and later used by Shanks'* to synthesize 
a variety of shaped patterns from a linear array 
whose phase distribution is specified. In the 
present application, the amplitude distribution is 
specified (constant over the radiating length) and 
the phase distribution determined for a cosecant- 
squared power pattern; the discrete source currents 
for the practical array are evaluated by appro- 
priately sampling the synthesized continuous distri- 
bution. The report commences with a simplified 
derivation of the stationary-phase solution of the 
radiation-pattern integral and shows how this 
solution provides the required phase distribution. 
The result is then applied to a 32^ array in which 
the sources are grouped into co-phased panels of 
lengths 2/V and 4A, including aerials with panels of 
mixed lengths. The computed radiation patterns are 



compared with one another and also with those 
obtainable from other methods. 

2. RADIATION PATTERN SYNTHESIS BY THE 
STATIONARY-PHASE METHOD 

A "synthesis equation" is derived here from 
energy considerations using the principle of sta- 
tionary-phase; a more rigorous derivation of the 
solution of the radiation-pattern integral is given in 
the Appendix (Section 6). The synthesis equation 
will be solved for the phase distribution required to 
give a cosecant radiation pattern from a constant- 
amplitude array. 




Fig. 2 - A linear source of N wavelengths with 

current distribution l(x) = A(x)exp{j4}(x)} 

(a) amplitude distribution (b) phase distribution 

(c) radiation pattern 



2.1. The Synthesis Equation 

Let us consider a linear source with a current 
distribution [ix)(= A{x)exp{j4Kx)}) along its length 
(/VX.); the functions A{x) and <^(x) are the amplitude 
and phase distributions respectively shown in 
Figures 2(a) and lib). The complex far-field 
radiation pattern of the source p(sin(9) is given by 
the following radiation-pattern integral. 



1^ 
p(sin0) = ~\Aix)expj {(pix) —iTTxsmd} dx (2) 



where 6 is the inclination below the horizontal, x 
the position co-ordinate along the source in wave- 



lengths and k the magnitude of the radiation pattern 
(the significance of this constant will appear later, 
in Section 2.2). 

Suppose now that x = a is a point of station- 
ary-phase for a particular value of 6, i.e. at x = a 
we have, 



—{c^x)-27Txsm0}= 
dx 



Thus at X - a, 



— 0(x) = 277'sin^ 
dx 



(3) 



When N is large, the integrand of Equation (2) will 
be highly oscillatory except near the point x ~ a, 
where the phase is stationary*. The major contri- 
bution to the integral, therefore, comes from an 
incremental aperture length Sx in the immediate 
vicinity of the point x ~ a. 

We now proceed heuristically to derive a syn- 
thesis equation using an argument involving energy 
considerations which is based on the type of ap- 
proximation employed in geometrical optics. It is 
hoped that this will give an insight into the phy- 
sical nature of the mathematical approximations 
involved; a formal mathematical derivation of the 
equation is given in the Appendix (Section 6). 

It has already been pointed out that for a given 
value of 6 the major contribution to the radiation- 
pattern integral comes from that part of the inte- 
grand which is close to the point of stationary- 
phase; the declination (sin 6) corresponding to this 
point is given by Equation (3). It is now assumed 
that each increment of aperture Sx is a radiating 
source which directs practically all its power over 
a narrow angular range S(sini9) which is centred on 
the stationary-phase declination (Equation (3)). 
This assumption is consistent with the fact that the 
total real powers in the aperture and the radiation 
pattern must be identical. Accordingly we equate 
the power in an incremental length Sx of the source 
to the power in an increment S(sin 6) of the radia- 
tion pattern (Fig. 2(c)) at the stationary -phase 
declination; this relation is 



iS:2lp(sin0)|=S(sine) =:? A%a.) hx 



(4) 



where /1(a) is the amplitude of the current at the 
stationary-phase point. The relationship between 
the increment of aperture Sx and the corresponding 
increment of sin^ may be derived from Equation (3) 
as follows, 

Ksind) d 1 

=i — (sin^) = — <^"(a) 

ox dx 277 

* The point x = ais assumed to be single-valued. 



where ^^"(a) denotes the second derivative of 0(x) 
with respect to x at x = a. Combining this result 
with Equation (4) we have, 



/c^|p(sine)|20"(a) ~ IttA^o) 



(5) 



Used in conjunction with Equation (3), Equation (5) 
is the basis of pattern synthesis by the stationary- 
phase method. Inserting sins' from Equation (3) 
gives the final result, 



k^\p{<i^'(,a)/2TT}\^4^"{a) ~ 2rrA\a) 



(6) 



which is a 'synthesis equation" relating the distri- 
bution functions A{cl) and 0(a) through the power 
pattern |p(sin0)f. For any given pattern function, 
there is in general no unique solution for the ampli- 
tude and phase distributions. However, if the 
phase distribution 4^a) is specified. Equation (6) 
provides an explicit expression for the amplitude 
distribution Aid); if, on the other hand, we specify 
A(a), Equation (6) becomes a non-linear differential 
equation for the phase distribution 4>{_oi). In general, 
either case can provide a reasonably accurate 
solution to synthesis problems provided that the 
conditions of stationary-phase are met; these will 
normally be satisfied for sources with large length- 
to-wavelength ratios. 

In the present application, the function /1(a) is 
taken to be a constant over the length of the source 
(0<x<iV) and zero elsewhere; this corresponds to 
the constant-amplitude condition. Before proceed- 
ing with this specific case we shall first consider 
the general solution for synthesis given by Equation 
(6) for those cases in which the amplitude distri- 
bution is arbitrarily specified. The existence of 
such a solution shows that the stationary-phase 
method can be used in principle to solve a wide 
variety of pattern-shaping problems in addition to 
the null-filling case to be considered here. 



2.2. General Solution of the Synthesis Equation 

It will be^ convenient to write the synthesis 
relation given by Equation (6) in the form. 



where 



e\p{s)Ys' ^ A^a) 
s = 0'(a)/277 = sinfi* 



(7) 
(8) 



and s' = ds/da. The function |p(s)|^ represents the 
shape of the power pattern and k^ is its magnitude. 
From energy considerations we see that synthesis 
of an arbitrary pattern shape must normally be 
restricted to a finite angular range (9^ -^ 6*-$ 02 and 
in fact it will be shown that k is directly determined 
by 6i and d^. Separating variables in Equation (7) 
and integrating gives. 



fc2j|p(s)|=ds ~ J ^^(a)da + C\ 



(9) 



where Ci is a constant of integration; from this 
equation we can obtain the function s, i.e. 

s = s(a, k, C-l) 

Integration of Equation (8) now gives the 
solution for the phase distribution <?Xol) as, 



(p{a) i^ l-rrCsia, k, Ci)da + C^ 



(10) 



where Cg is another constant of integration. Equa- 
tion (10) is applicable for those cases in which 
s(a, k, C-l) is a single-valued explicit function of 

a. 

The pattern amplitude k and the constant of 
integration Ci are given by the end-points of the 
synthesis range (^i, 6^ through the stationary- 
phase relation (Equation (8)), viz 



s(o,/c,Ci) = sin(9i 
s(N,k,Ci) - sini^s 



(11) 



Equations (11) are solved simultaneously to yield 
k and Ci. The boundary conditions can, of course, 
be inverted by interchanging 6^ and 6^ in Equations 
(11) so that the largest phase-slope occurs at the 
bottom (a = 0) rather than at the top (a = H) of the 
source. Finally, the second constant of integration 
Cg is determined by the position of the phase 
reference point Oq for the source currents, i.e. 
inserting (^(oq) = into Equation (10) gives. 



Cs = -277 



js(ao,fc,Ci: 



)da 



(12) 



It is normally convenient to place ag at one end of 
the source so that o^ is equal to either or N in 
Equation (12). 

In applying the above solution to distributions 
of constant amplitude, we simply substitute a con- 
stant value of A{a) into Equation (9). An account 
of the general applicability of the method to the 
synthesis of arbitrary radiation patterns is not 
straightforward and is outside the scope of this 
report. It can be stated at this point, however, that 
the method does give satisfactory synthesis of 
cosecant and rectangular shaped radiation patterns 
from constant-amplitude distributions. 

The particular case of synthesis for a cosecant 
pattern from a linear source of constant amplitude 
and its application to the v.r.p. null-filling problem 
will now be considered in detail. 

2.3. Constant Amplitude Solution for a Cosecant 
Pattern 

The radiation pattern we require to synthesize 
has been given by Equation (1). At this stage, the 
beam-tilt Oq will be omitted (i.e. setting 6q - 0) in 
order to simplify the analysis; the required tilt- 



angle can always be realized after synthesis, by 
superimposing a linear phase progression onto the 
synthesized distribution. The pattern function to be 
inserted into Equation (9) is therefore 



p(sini9) = cosec 6 - 1/s 



(13) 



which gives |p(s)f = s"^. The constant-amplitude 
condition is satisfied by making /4(a) = 1 for 
O^o^N and 4(a) = for -oo<a< and N <a<a). The 
differential synthesis equation (Equation (9)) then 
gives 

s(a,/c,Ci) =; -/cV(a + C^ 

so that the phase distribution, from Equation (10), 
is given by 

0(a) ~-277^=log(a + Ci) + Cg 

The boundary conditions of Equations (11) and (12) 
provide the relations 

Ci =-fc^ cosec d^ =-(A:^cosec(92 + N) 

and Cs = 277A:^logCi 

with the phase-reference point for the source taken 
at the base of the aperture, o^ = 0. The final 
expression for the phase distribution 4Ax) is, there- 
fore 



0(x) ~ _277/c=log(l- 



sint 



-x) 



with 



k - /V(coseci9i- cosecfi'g)'^ 



(14) 



(15) 



The param-eter a has been replaced by x since the 
solution is valid for all points x ~ a. Equation 
(14) gives the phase distribution required for a 
linear source of constant amplitude and length /VX. 
to provide a radiation pattern /ccosec^ over an 
angular range d^d^O^ (d{>^. The solution is 
valid for sources whose radiating lengths contain a 
large number of wavelengths (iV large) and the 
accuracy of the synthesized patterns will increase 
the larger /V is made. 

The radiation pattern is unchanged (in ampli- 
tude) if the phase distribution given by Equation 
(14) is reversed in sign and inverted; for some 
applications, the alternative distribution -0(iV - x) 
may be more convenient to realize in practice since 
the largest phase-slope then occurs at the lower 
end rather than at the upper end of the aerial. 
Choice of 6^, the lower limit of the synthesis range, 
is important since with d^»6^ it determines the 
amplitude k of the cosecant pattern through Equa- 
tion (15) and hence also the effective degree of 
null-filling. The upper limit of the range, 6^ deter- 
mines the largest phase-slope at the end of the 
aerial through the relation (p'iN) ~ 277sini92; this 
must also be chosen carefully since with practical 



arrays (sampled distributions) it becomes difficult 
to realize large phase-slopes unless closely spaced 
elements are employed. 

The above solution can easily be extended to 
cases where there exists non-uniform power division 
over the length of the aerial. For example, let us 
suppose that the aerial is divided into two unequal 
sections of constant amplitude with A(x) = Ai for 
0<x<iM and Aix) = A^ for M<x<N. The lower 
section is used to synthesize the pattern over the 
range 0i<(9<0i2 aid the upper section over the 
range d^^-^O^d^ where 6*12 has to be determined. 
The required expressions become particularly 
simple if the total radiated power is set equal to 
that radiated by the same atrial uniformly fed with 
A(x) = 1; we then have MA^ + (N-WA^ = A'. The 
amplitude of the power pattern fc^ is then given by 
Equation (15) as before and it can be shown that 
the angle 6 ^2 at which the patterns due to the two 
sections meet is given by, 

Ncosec^i2 ~ iWv4iCosec6'2 + (N — iW)>l2COsec6'i (16) 

provided that the phase distribution is made con- 
tinuous over X = M. The phase distributions <?i>i(x) 
and c^2(^) over the lower and upper sections of the 
aerial can now be written directly, from Equation 
(14) as, 



0i(x) ~-— T-log|l- 



lisin(9i \ 

—j 



[0<x<M] 



(17) 



and 



4>2{x) ~ 0i(M)- 



— riogii- 



AgSin^i: 



'ix-M)\ (18) 



[M<x<N] 



It is easy to show that, for the uniformly fed aerial 
with ^1 = i42 = 1 Equations (17) and (18) degenerate 
into Equation (14) by substituting Equations (15) 
and (16). 

2.4. Application to Null-Filling 

In applying the synthesis technique to the 
problem of null-filling v.r.p.s it iS convenient to 
consider a cosecant pattern with zero beam-tilt, 
i.e. witii (9o = in the pattern specification (Equa- 
tion (1)). The null-filled pattern can always be 
tilted through any desired angle by subsequently 
superimposing a linear phase progression on to the 
synthesized current distribution. It should be 
pointed out, however, that the nature of synthesis 
is such as to produce of itself some incidental 
beam-tilt with the null-filled v.r.p. and this would 
normally have to be taken into account in choosing 
the final phase progression. 

As an example of the technique, a phase distri- 
bution (p{x) was determined (through Equation (14)) 
in order to give a cosecant radiation pattern from a 
20X. source (N = 20) over the angular range 6^ = 
sin'Hl/2iV) to 6.2. ~ tt/S; the lower limit is approxi- 
mately half the inclination of the first null-point in 
the pattern of the corresponding uniformly fed 
source. Equation (15) gives the desired pattern 
amplitude over the stated range as /c = 0*725. The 
discrete phase distribution 0^ for the equivalent 
array of 40 isotropic sources spaced 0*5^ apart was 
obtained by directly sampling the continuous distri- 
bution 4^x), 

i.e. <^r = ^ir~Q-5) 

The resulting radiation pattern is shown in Fig. 3 
together with the distribution 0(x) (inset). It will 
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Fig. 3 - Synthesis of a cosecant radiation pattern from a 20k array : 40 isotropic sources spaced 

0-5)y apart with k = 0-725 
desired pattern, fccosec(9, ff^-^^^g 



be seen that the synthesized pattern oscillates 
about the desired cosecant pattern (dashed curve) 
with the largest errors occuring near to the end 
points, ^1 and Q^, near 0-^, the main beam presents 
a poor approximation and towards ^2 the oscillatory 
pattern begins to fall below the desired level. The 
beam-tilt in the synthesized pattern is a function of 
the lower angular limit 0^ selected and its presence 
makes the "null-filling" of the shifted pattern non- 
uniform. Nevertheless, the null-filling is reason- 
ably smooth and is acceptable without further per- 
turbation of the phases of the individual source 
currents. 

The case of a non-uniformly fed source has 
also been investigated in order to determine whether 
the stationary-phase method could be extended to 
such cases. The above 20/V source was assumed to 
be split into two sections of equal length, the upper 
section being energized with twice the power of the 
lower section. The phase distributions over the 
sections required for cosecant pattern synthesis 
were therefore determined from Equations (17) and 
(18) with M = 10, A-^ = 0-816, and /tg =^ 4X4i. The 
resulting v.r.p. was a reasonably smooth null-filled 
pattern which differed insignificantly from that 
obtained in the uniformly-fed case. 



approach the envelope of the normalized, beam- 
tilted pattern of a uniform array (m = 1 curve, Fig. 
1); this should not be confused with the /ccosec^ 
curve shown in Fig. 3. Thus when m exceeds 100% 
the minima lie above the envelope of the uniform- 
array pattern and the maxima are even higher. The 
increased power radiated in the sidelobes accounts 
for the gain reduction. 

The ratio of adjacent maxima and minima of a 
null-filled pattern is an important parameter. Pat- 
terns with large ratios tend to vary rapidly with fre- 
quency and, in addition, they provide a service 
rather susceptible to propagation effects. In these 
respects, a pattern is normally taken to be accept- 
able provided that this ratio does not exceed 8 dB. 
In the example given in Fig. 3, the ratio is approxi- 
mately 2 dB less than this figure (para, (iv) above) 
and the pattern would therefore be acceptable. 

The overall degree of null-filling can be adjus- 
ted by varying k (which incidentally adjusts the 
beam-tilt also); for a fixed upper limit 6^ this means 
shifting 6-^ (Equation (15)). Since m^ is nearly 
proportional to k over a large range of q, in those 
cases where sin6'2» sinfi^i, we have the useful 
result, 



With normalized radiation pattern^* the effec- 
tive degree of null-filling m^ of the q null may be 
determined from Equation (1) by the simple expres- 
sion. 



Wq cc (sin^i) 



m 



q " ■^iPq 



(19) 



where Pg is the normalized amplitude |p(sin6')^,ofrn 
of the g minimum in the synthesized pattern. In 
the example given in Fig. 3 the result of setting 
k = 0-725 over the range 1/2A'< sin^< 1/2 is as 
follows: 

(i) niq rises from just above 100% for the first 
minimum {q = 1) to a maximum of approximately 
140% for q = 3,4 and 5, falling to 100% for the 
final minimum in the synthesis range {q - 8). 

(ii) outside this range, subsequent minima decrease 
in amplitude as q increases with finally mig — 
50%. 



[e^«e^] 



(20) 



In general, the most important minimum of the pattern 
is the first one which appears below the main beam 
iq - 1) and null-filling adjustment would normally 
be carried out at that point. 



3. APPLICATION TO U.H.F. TRANSMITTING 
AERIALS 

The method of synthesis is now applied to the 
problem of null-filling the vertical radiation patterns 
of practical u.h.f. transmitting aerials. There is no 
loss of generality in restricting the discussion to 
aerials whose radiating lengths are 32A- and whose 
first pattern minima are to be null-filled by not less 
than 75% (i.e. mi <f 0-75), 

3.1. General 



(iii) the gain reduction due to the departure of the 
phase distribution from the co-phased condition 
is approximately 2-0 dB. 

(iv) the maximum ratio of adjacent maxima and 
minima of the pattern is approximately 6 dB 
over the side-lobe range K g^8. 

It should be noted that the null-filling index is 
a measure of the extent to which the v.r.p. minima 

* The amplitude of the main beam is set to unity, i.e. 
E = 1-0. 



Two types of u.h.f. aerial will be considered. 
The first is the low-power type which normally 
employs equally spaced tiers of simple vertical 
dipoles; the second is the high-power type which 
normally consists of identical groups (or panels) of 
equally spaced horizontal dipoles. 

The cosecant pattern synthesis given in Section 
2.4 was repeated for a32\array of isotropic sources 
spaced 1-0/V apart with a synthesis range of 
l/2yV< sin^< 1/2, i.e. k^ 0-718 from Equation (15). 
The null-filling, again larger than 100%, was rather 
excessive for the present application and so the 



level of the first minimum m^ was lowered to about 
75% using Equation (20) to obtain a new lower 
limit ^1, for the cosecant synthesis. The new 
range was 0*0089 < sin^< 0*50 and the resulting 
sampled phase distribution (p^ and corresponding 
v.r.p. are shown in Fig. 4; this result can be used 
as the basis for the design of u.h.f. transmitting 
aerials whose radiating lengths are 32^. 

In one type of aerial commonly employed*, the 
isotropic sources of the previous array are replaced 
by vertical half-wave dipoles, so that if the distri- 
bution (pr of Fig. 4 is used, the v.r.p. which is 
obtained from the phased array of dipoles is given 

* At BBC-2 relay stations. 



TABLE 1 

Effective Null-Filling Indices (%) 
100mg(= IOOttq Pq) for 32k Arrays 
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by the product of the v.r.p. shown and the dipole 
factor cos{(7T/2)sin i9}/cos^. The result of this is 
shown in Table 1 (first row) which gives the ampli- 
tudes of the pattern minima over the range 
0<sin(9<0*5 in terms of the percentage null-filling 
indices, lOOm^. Such a result is acceptable from 
the null-filling standpoint although the minima 
between 2<q<6 are a little excessive; the secon- 
dary maxima (sidelobes) are also rather high, but 
this is the penalty paid for achieving the large 
rriq's with a constant amplitude distribution. 

Beam-tilt adjustment, if required, is performed 
by superposing a linear phase progression onto the 
logarithmic distribution (p/, a beam-tilt do is ob- 
tained from a phase-slope of 27Tdsin^o radians/tier 
up the array, where d is the element spacing in 
wavelengths. 

It should be pointed out that the asymmetrical 
current distribution over the aerial due to the loga- 
rithmic nature of <p^ has two principal side-effects 
if the aerial is conventionally branch-fed and split 
into two identical sections, one above the other. 
First, the v.r.p. from each section working singly 
would be very different; the upper section gives a 
reasonably smooth v.r.p. whereas the lower section 
provides practically no null-filling at all. Secondly, 
the phase distribution (pr makes the impedance of 
each section such that aerial impedance compen- 
sation** can be reasonably good by using a conven- 

** A detailed consideration of aerial impedance with 
logarithmic phase distributions is outside the scope of 
this report. 
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Fig. 4 - Vertical radiation pattern for 32 isotropic sources spaced I'Okapart with logarithmic phase 

distribution (p^; k = 0'540 
— ^ null-filling reference, m = l-O, Equation (1) 



8 



tional diplexer^ for power splitting; the actual 
degree of compensation will largely depend on the 
net beam-tilt employed. 

3.2. Panel Aerials 

At high-power u.h.f. stations with horizontal 
polarization, the inter-tier spacing can be reduced 
to around 0*5^ and it is then practicable to build up 
the aerial from standard vertical groups or panels of 
horizontal dipoles. Typical panels are 2 — 4Mong; 
a 4k panel, for example, would carry 8 dipoles 
spaced 0"5^ apart and 0*25^ away from a reflecting 
screen where X.is the wavelength at the centre fre- 
quency. Columns of panels are mounted around the 
mast axis, the individual columns being fed normally 
with progressive phase-shift around the mast; we 
concern ourselves here with the v.r.p. from a single 
column of panels. Synthesized distributions will 
now be considered that are subject to the restriction 
that the phase distribution over every panel must be 
the same, since the complexity arising from special 
phase adjustments within each panel is to be 
avoided if possible. 

The solution for the 32^ array given in Section 
3.1 above, will be used and the phase distribution 
of the stack of panels $r based on the distribution 
(pf shown in Fig. 4. In this case, however, we use 
the negative-inverted distribution -0iv-r + i (^-S- 
lagging) so that the large phase-slope at the end of 
the distribution appears at the lower end of the 
aerial facing downwards, as shown in Fig. 5{b). 
The reason for this is that at the steep end of the 
phase distribution the panel(s) must normally be 




/ 



A 



Fig. 5 - Phase distributions and corresponding 

panel-tilt arrangements 

(a) leading phase distribution 

(t>) lagging phase distribution 

physically tilted, in addition to bjeing electrically 
phased, in OTder that the phase profile be accurately 
followed. Panels tilted away from the main array 
will give less inter-panel mutual coupling than the 
alternative arrangement (Fig. 5(a)) and this makes 
realization of the synthesized distributions some- 
what easier. 
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apart and 0'25k from reflecting screen with phase distribution ^^ 
v.r.p. for arrangement shown .-- panel 8 (bottom) tilted only 



Starting from the sampled distribution 4^^ (1"0^ 
spacing), the electrical phases of the panels $;. 
were taken as the mean of the source phases con- 
tained by the panel; for 2\ panels, $r ~ ^4>2r * 
(^2r-i)/2 and for 4\ panels, $r = ('^4r "*" 4'^r-\ "•" 
'^At'2 "*" '?-'4r-3)/'^' Panel-tilts at the bottom of the 
aerial were determined from the differential phase 
shift between the outermost sources contained by 
the panel; for Impanels, the mechanical tilt-angle 
is approximately (02r — <?^2r-i)/277- radians whereas 
for 4A. panels the tilt-angle is normally taken to be 
{(pAj —(^^j.'i)/ d'TT radians, which, in practice, differs 
insignificantly from the alternative and fuller ex- 
pression (04r + 04^.1- 04r.2—<i'^4r-3)/87r radians. 
These tilt-angles are increased by about 7% in order 
to make some allowance for the fact that the equi- 
valent electrical phasing produced by source- 
stagger is reduced by the factor cosi9 at angles 
inclined to the horizontal. 

Some examples of the v.r.p.s produced by panel 
aerials with phase distributions and panel-tilts 
obtained by the above procedure are shown in Figs. 
6 and 7. Considering first Fig. 6, the "jump" in the 
v.r.p. near sin6' = 0*25 is due to the coarse quan- 
tisation of the original distribution into 4/V groups; 
the jump is accentuated if the panel-tilt is restricted 
to the lowest panel only (dotted curve). The effec- 
tive null-filling in these two cases is satisfactory 
although the v.r.p. minima are rather large near 
sin^ = 0-1 (Table 1, rows 2 and 3); the loss of 
aerial gain due to de-phasing is about 1*4 dB. 
Figure 7 shows the v.r.p.s obtained from an aerial 
with mixed panels (6 of 4X. and 4 of 2^. The jump 



in the v.r.p. at sini9 = 0*25 has been reduced by 
the presence of the finer quantization of the phase 
profile over the lower part of the aerial. In this 
case there is little advantage in tilting both of the 
lower two 2^ panels as compared with tilting the 
lowest one only. Table 1 (rows 4 and 5) again 
gives the levels of the v.r.p. minima in terms of the 
effective null-filling indices rriq, loss of gain due to 
de-phasing is slightly less than before at 1-3 dB. 
The overall v.r.p. is satisfactory from a null-filling 
standpoint. 



In the above examples we have considered 
aerials containing an even number of panels. In 
these cases, a conventional split-feeder system 
gives uniform power division over the aerial. If, on 
the other hand, the aerial is built up from an odd 
number of identical panels and split into two equal- 
ly powered sections, the amplitude distribution will 
become non-uniform; in this case Equations (17) 
and (18) are used for v.r.p. synthesis. 



We conclude from the above results that there 
appears to be little advantage in employing the 
mixed-panel design as against the more economical 
design involving 4^ panels only, where the station- 
ary-phase solution is used. Finally, it is worth 
mentioning that, in practice, it may be more con- 
venient to tilt a pmiel about its end-point rather 
than its centre-point; provided that the electrical 
phase of the panel is suitably adjusted, the pre- 
vious results also apply to this situation. 
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3.3. Comparison with Other Methods 

The method of radiation pattern synthesis 
employed here for null-filling the v.r.p.s of u.h.f. 
aerials is based on a constant-amplitude current 
distribution; such distributions are attractive from a 
practical standpoint because they can be realized 
with simple branch-feeder systems. Solutions 
involving both amplitude and phase tapering of the 
current distribution, the Woodward cosecant solu- 
tion and its variants for example, become difficult 
to realize because of the additional complication of 
amplitude weighting the currents to the aerial 
elements. Nevertheless, solutions to the null- 
filling problem using amplitude tapering can provide 
v.r.p.s which are more accurate and smoother 
approximations of the cosecant pattern than those 
obtainable from the present method. The more 
interesting comparison is with an alternative con- 
stant-amplitude solution. 

The phase-perturbation method (Reference 1) 
provides an alternative constant-amplitude techni- 
que for shaping the v.r.p.s of u.h.f. (and v.h.f.) 
aerials. The basic phase distributions in this 
solution are symmetrical and the null-filling they 
provide is uniform although in practice cannot 
normally exceed about 50%. The new method given 
here depends on a logarithmic asymmetrical phase 
distribution and can provide null-filling up to and 
beyond 100% if required; the null-filling is a little 
non-uniform, however, and secondary maxima in the 
v.r.p.s can attain rather high levels. One advan- 
tage of the asymmetrical solution is that less power 
is wasted in radiation at angles above the horizon- 
tal. 

The stationary-phase method for shaping 
v.r.p.s is, therefore, superior to the phase-pertur- 
bation method in respect of the available null-filling 
it provides, but, with the higher degree of null- 
filling, the departure in the level of the pattern from 
the ideal cosecant envelope results in some loss of 
gain. 



4. CONCLUSIONS 

The radiation-pattern integral has been approxi- 
mated by the method of stationary -phase and the 
resulting synthesis equation solved for an arbitrary 
radiation pattern, to give the phase distribution 
required for a large linear source with a specified 
amplitude distribution. In particular, the solution 
has been used for synthesizing a cosecant radiation 
pattern from a line source of constant amplitude. 
This phase distribution is a logarithmic function 
which depends upon the length of the source and the 
angular range over which the cosecant pattern is 
synthesized. 

Computed results with a limited number of 
patterns for discrete arrays show that the geomet- 



rical-optics type of approximation involved gives 
reasonably accurate results for radiating apertures 
down to 20'V long. Applied to the problem of shap- 
ing the v.r.p.s of u.h.f. transmitting aerials, the 
method has been shown to give quite acceptable 
null-filled patterns. The effective null-fillings in 
the v.r.p.s of panel aerials can be placed in the 
range 75 to 100% which exceeds that obtainable 
from the previously described phase-perturbation 
method. However, the larger degree of null-filling 
results in some non-uniformity in the levels of the 
pattern minima and, in some cases, rather high side- 
lobe levels and consequent gain reduction. It is 
worth mentioning that the phase distributions are 
generally such that good aerial impedance matching 
can be obtained by conventional methods. As with 
any constant-amplitude solution, the synthesis 
method described here offers the practical advan- 
tage that the current distribution may be realized by 
simply energizing the elements of the aerial through 
branch-feeders whose lengths follow the synthesized 
phase distribution. 

The general applicability of the method for 
synthesizing patterns of arbitrary shapes is difficult 
to specify; a necessary condition is that the radia- 
ting source must be of large size-to-wavelength 
ratio. In any particular case, the accuracy of syn- 
thesis can always be checked by pattern computa- 
tion. 
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6. APPENDIX 



Derivation of the Stationary-Phase Solution for 
the Radiation-Pattern Integral 

The radiation-pattern integral has been given in 
Section 2.1 (Equation (2)) as 



p(&in6) - -l/l(x)exp/{c?X^)-27Txsini9}dx (21) 



We wish to obtain an approximate result for this 
integral assuming that the phase of the integrand is 
a rapidly varying function over the range of inte- 
gration (i.e. along the length of the source). The 
variable of integration x is expressed in wave- 
lengths so that this condition involves the geomet- 
rical-optics type of approximation of \~'0. 

The phase of the integrand in Equation (21) is 
stationary for 



cp'ix) = 27Tsin^ 



[x = a] 



(22) 



and we assume that the stationary point x = a is 
single-valued. Kelvin's principle of stationary- 
phase states that the major contribution to the value 
of the integral is obtained in the immediate vicinity 
of the point x = a where the phase is stationary. 
Using this principle we can therefore write the 
integral as, 

ate 

kp{sin6) =i f A(.x)expj{4>(.x) — 2Trxsm6}dx (23) 

ar£ 



where 2e is the region over which the integral has 
significant value. The argument of the exponential 
is now expanded as a Taylor series about the point 
X = a, i.e. 

•^{x)—2TTxsinO ^ {<p{a-) -277asint?> + 

+ {<t>'ia)-27Tsme}{x-a) + - 4> "ia){x - af 

2 

where the series has been truncated at the third 
term (second order). But the stationary-phase con- 
dition, Equation (22), reduces the second term in 
this expression to zero so that we have, 

4Kx)—2TTxsin6 ^ {4Koi.) — 27Tasin9} + 

+ -(p"iaKx-af (24) 
2 



If we now assume that A{x) ~ ^(a) over the region 
of integration 2e, and insert Equation (24) into 
Equation (23), the poirrier integral becomes, 



Msin6^) =i: (25) 

o+E 

A{a.)expj {<p(.a) — 2TTasm6} ( expj{4>"(a)(x—af/2}dx 



a-e 



The integral in Equation (25) may be expressed in 
standard form by changing the variable to x— a(= i//), 
i.e. 



/(a) = (sxpi{<p'Xa)4J'/2}d4> 



Making the usual approximations involved in 
applying the principle of stationary-phase, the 
limits of integration ±e can be replaced by ±cn; the 
result is a Fresnel integral, i.e. 



CO 

/(a) ~ jexpj{^"(a)4jV2}d'^ 

-co 
/ 277 \'/2 

- ( ^TTT exp/(-377/4) (26) 

Equations (25) and (26) together give the result. 



p{sin9) — 



[eik) "<" 



)exp/{si'(a)- 

277asin6'- 377/4} 



(27) 



Equation (27) is the complex far-field radiation 
pattern of a line source with current distribution 
Aix)exp{j(p{x)} assuming that the optical approxi- 
mations of stationary-phase are valid. If the phase 
information in Equation (27) is removed by writing 
the corresponding expression for the power pattern 
we have, 



|p(sin^)r — 



27TA'\a.) 
/cV'(a) 



(28) 



which will be recognized as the result obtained in 
Section 2.1 (Equation (5)) from energy considera- 
tions. 
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